All spacetimes with vanishing curvature invariants by Pravda, V. et al.
ar
X
iv
:g
r-q
c/
02
09
02
4v
1 
 7
 S
ep
 2
00
2
All spaetimes with vanishing urvature invariants
V. Pravda†, A. Pravdová†, A. Coley‡, R. Milson‡
† Mathematial Institute, Aademy of Sienes, itná 25, 115 67 Prague 1,
Czeh Republi
‡ Dept. Mathematis and Statistis, Dalhousie U., Halifax, Nova Sotia B3H
3J5, Canada
E-mail: pravdamath.as.z, pravdovamath.as.z, aamathstat.dal.a,
milsonmathstat.dal.a
Abstrat. All Lorentzian spaetimes with vanishing invariants onstruted from
the Riemann tensor and its ovariant derivatives are determined. A sublass of
the Kundt spaetimes results and we display the orresponding metris in loal
oordinates. Some potential appliations of these spaetimes are disussed.
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1. Introdution
A urvature invariant of order n is a salar obtained by ontration from a polynomial
in the Riemann tensor and its ovariant derivatives up to the order n. In general there
are 14 algebraially independent urvature invariants of zeroth order, the simplest
being the Rii salar. Many papers are devoted to studying the properties of
the zeroth order urvature invariants (see [1℄  [5℄ and referenes therein) but higher
order urvature invariants remain largely unexplored. Reently it was shown that
for spaetimes in whih the Rii tensor does not possess a null eigenvetor, an
appropriately hosen set of zeroth order urvature invariants ontains all of the
information that is present in the Riemann tensor [5℄. This is ertainly not true for
vauum Petrov type N spaetimes with nonzero expansion or twist, all of whose zeroth
and rst order urvature invariants vanish, but for whih there are non-vanishing
urvature invariants of the seond order [6℄; and for some non-at spaetimes in whih
all urvature invariants of all orders vanish [6℄-[7℄.
In this paper we shall determine all Lorentzian spaetimes for whih all urvature
invariants of all orders are zero. Indeed, we shall prove the following:
Theorem 1 All urvature invariants of all orders vanish if and only if the following
two onditions are satised:
(A) The spaetime possesses a non-diverging SFR (shear-free, geodesi null
ongruene).
(B) Relative to the above null ongruene, all urvature salars with non-negative
boost-weight vanish.
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The analyti form of the ondition (A), expressed relative to any spin basis where oA
is aligned with the null ongruene in question, is simply
κ = ρ = σ = 0 , (1)
and the analyti form of ondition (B) is
Ψ0 = Ψ1 = Ψ2 = 0 , (2)
Φ00 = Φ01 = Φ02 = Φ11 = 0 , (3)
Λ = 0 . (4)
Spaetimes that satisfy ondition (A) belong to Kundt's lass [8, 9℄ (also, see
Setion 4 and Appendix A). Condition (B) implies that the spaetime is of Petrov
type III, N, or O (see Eq. (2)) with the Rii tensor restrited by (3) and (4). (Note:
throughout this paper we follow the notation of [10℄; Λ is not the osmologial onstant,
it is the Rii salar up to a onstant fator.)
The GHP formalism [10℄ assigns an integer, alled the boost weight, to urvature
salars and ertain onnetion oeients and operators. This is important for this
work, and we shall summarize some of the key details of this notion in the next setion.
The outline for the rest of the paper is as follows. Setion 2 is devoted to
the proof that the above onditions are suient for vanishing of urvature invariants.
The neessary part of Theorem 1 is proved in Setion 3. The urvature invariants
onstruted in this setion may be also useful for omputer-aided lassiation of
spaetimes. Kundt's lass of spaetimes admits a onveniently speialized system of
oordinates, and so it is possible to lassify and expliitly desribe all spaetimes with
vanishing urvature invariants. This is briey summarized in Setion 4, and some of
the details are presented in Appendix A. We onlude with a disussion.
Perhaps the best known lass of spaetimes with vanishing urvature invariants
are the pp-waves (or plane-fronted gravitational waves with parallel rays), whih
are haraterized as Rii-at (vauum) type N spaetimes that admit a ovariantly
onstant null vetor eld. The vanishing of urvature invariants in pp-wave spaetimes
has been known for a long time [11℄, and the spaetimes obtained here an perhaps
be regarded as extensions and generalizations of these important spaetimes. In
many appliations (e.g., in vauum pp-wave spaetimes) the resulting exat solutions
have a ve-dimensional isometry group ating on three-dimensional null orbits (whih
inludes translations in the transverse diretion along the wave front) and hene
the solutions are plane waves. However, the solutions studied here need not be
plane waves, and are not neessarily vauum solutions. In partiular, non-vauum
spaetimes with a ovariantly onstant null vetor are often referred to as generalized
pp-wave and typially have no further symmetries (the arbitrary funtion in the metri
is not subjet to a further dierential equation, namely Laplae's equation, when
the Rii tensor has the form of null radiation). The pp-wave spaetimes have a number
of remarkable symmetry properties and have been the subjet of muh researh [8℄.
For example, the existene of a homothety in spaetimes with plane wave symmetry
and the saling properties of generally ovariant eld equations has been used to show
that all generally ovariant salars are onstant [12℄ and that metris with plane wave
symmetry trivially satisfy every system of generally ovariant vauum eld equations
exept the Einstein equations [13℄.
In addition to pp-waves, presently there are known to be three lasses of metris
with vanishing urvature invariants: the onformally at pure radiation spaetime
given in [7℄; the vauum Petrov type-N nonexpanding and nontwisting spaetimes
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[6℄ (this lass ontains the pp-waves); and vauum Petrov type-III nonexpanding and
nontwisting spaetimes [14℄. Naturally all of these spaetimes are subases of the lass
studied here. The spaetimes studied in [15, 16℄ also belong to our lass.
There are two important appliations of the lass of spaetimes obtained in this
paper. A knowledge of all Lorentzian spaetimes for whih all of the urvature
invariants onstruted from the Riemann tensor and its ovariant derivatives are
zero, whih implies that all ovariant two-tensors onstruted thus are zero exept
for the Rii tensor, will be of potential relevane in the equivalene problem and
the lassiation of spaetimes, and may be a useful rst step toward addressing
the important question of when a spaetime an be uniquely haraterized by its
urvature invariants. More importantly perhaps, the spaetimes obtained in this paper
are also of physial interest. For example, pp-wave spaetimes are exat solutions in
string theory (to all perturbative orders in the string tension) [17, 18℄ and they are of
importane in quantum gravity [19℄. It is likely that all of the spaetimes for whih
all of the urvature invariants vanish will have similar appliations and it would be
worthwhile investigating these metris further.
Finally, we note that it is possible to generalize Theorem 1 by inluding spaetimes
with non-vanishing osmologial onstant. The assumptions regarding the Weyl and
traeless Rii tensors remain the same. Even in this general ase, the invariants
onstruted from the Weyl tensor, the traeless Rii tensor and their arbitrary
ovariant derivatives vanish. The only non-vanishing urvature invariants are order
zero urvature invariants onstruted as various polynomials of the osmologial
onstant. It must be noted, however, that there may exist other types of spaetimes
with onstant urvature invariants.
2. Suieny of the onditions
Before takling the proof of the main theorem, we make some neessary denitions
and establish a number of auxiliary results. We shall make use of the Newmann-
Penrose (NP) and the ompated (GHP) formalisms [10℄. Throughout we work with
a normalized spin basis oA, ιA, i.e.
oAι
A = 1 .
The orresponding null tetrad is given by
lα ←→ oAo¯A˙ , nα ←→ ιAι¯A˙ , mα ←→ oA ι¯A˙ , m¯α ←→ ιAo¯A˙
with the only nonzero salar produts
lαn
α = −mαm¯
α = 1.
We also reall that
oAo
A = 0 = ιAι
A . (5)
The spinorial form of the Riemann tensor Rαβγδ is
Rαβγδ ←→ XABCD εA˙B˙εC˙D˙ + X¯A˙B˙C˙D˙ εABεCD +ΦABC˙D˙ εA˙B˙εCD + Φ¯A˙B˙CD εABεC˙D˙ , (6)
where
XABCD = ΨABCD + Λ(εACεBD + εADεBC)
and Λ = R/24, with R the salar urvature. The Weyl spinor ΨABCD = Ψ(ABCD) is
related to the Weyl tensor Cαβγδ by
Cαβγδ ←→ ΨABCD εA˙B˙εC˙D˙ + Ψ¯A˙B˙C˙D˙ εABεCD . (7)
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Projetions of ΨABCD onto the basis spinors o
A
, ιA give ve omplex salar quantities
Ψ0, Ψ1, Ψ2, Ψ3, Ψ4. The Rii spinor ΦABC˙D˙ = Φ(AB)(C˙D˙) = Φ¯ABC˙D˙ is onneted to
the traeless Rii tensor Sαβ = Rαβ − 14Rgαβ
ΦABA˙B˙ ←→ − 12Sab . (8)
The projetions of ΦABA˙B˙ onto the basis spinors o
A
, ιA are denoted Φ00 = Φ¯00,
Φ01 = Φ¯10, Φ02 = Φ¯20, Φ11 = Φ¯11, Φ12 = Φ¯21, and Φ22 = Φ¯22.
Eqs. (2) and (3) imply
ΨABCD = Ψ4oAoBoCoD − 4Ψ3o(AoBoCιD) , (9)
ΦABC˙D˙ = Φ22oAoBo¯C˙ o¯D˙ − 2Φ12ι(AoB)o¯C˙ o¯D˙ − 2Φ21oAoB ι¯ ˙(C o¯D˙) . (10)
Following the onvention established in [10℄, we say that η is a weighted quantity (a
salar, a spinor, a tensor, or an operator) of type {p, q} if for every non-vanishing
salar eld λ a transformation of the form
oA 7→ λoA , ιA 7→ λ−1ιA ,
representing a boost in lαnα plane and a spatial rotation inmαm¯α plane, transforms
η aording to
η 7→ λpλ¯qη .
The boost weight, b, of a weighted quantity is dened by
b =
1
2
(p+ q) .
Diretional derivatives are dened by
D = lα∇α = o
Ao¯A˙∇AA˙ , δ = m
α∇α = o
A ι¯A˙∇AA˙ ,
D′ = nα∇α = ι
A ι¯A˙∇AA˙ , δ
′ = m¯α∇α = ι
Ao¯A˙∇AA˙
and thus
∇α ←→ ∇AA˙ = ιAι¯A˙D + oAo¯A˙D′ − ιAo¯A˙δ − oA ι¯A˙δ′ . (11)
In the GHP formalism new derivative operators þ, þ
′
, ð, ð
′
, whih are additive and
obey the Leibniz rule, are introdued. They at on a salar, spinor, or tensor η of type
{p, q} as follows:
þ η = (D + pγ′ + qγ¯′)η , ð η = (δ − pβ + qβ¯′)η ,
þ
′ η = (D′ − pγ − qγ¯)η , ð′ η = (δ′ + pβ′ − qβ¯)η .
(12)
Let us expliitly write down how the operators þ, þ
′
, ð, ð
′
at on the basis spinors
þ oA = −κιA , þ o¯A˙ = −κ¯ι¯A˙ , þ ιA = −τ ′oA , þ ι¯A˙ = −τ¯ ′o¯A˙ ,
þ
′ oA = −τιA , þ′ o¯A˙ = −τ¯ ι¯A˙ , þ′ ιA = −κ′oA , þ′ ι¯A˙ = −κ¯′o¯A˙ ,
ð oA = −σιA , ð o¯A˙ = −ρ¯ι¯A˙ , ð ιA = −ρ′oA , ð ι¯A˙ = −σ¯′o¯A˙ , (13)
ð
′ oA = −ριA , ð′ o¯A˙ = −σ¯ι¯A˙ , ð′ ιA = −σ′oA , ð′ ι¯A˙ = −ρ¯′o¯A˙ .
The types and boost-weights of various weighted quantities enountered in the GHP
formalism are summarized in Table 1.
Heneforth we shall assume that onditions (A) and (B) of Theorem 1 hold, and
by impliation that equations (1), (2), (3), (4) hold also. Without loss of generality
we also assume that oA and ιA are parallely propagated along lα. Analytially, this
ondition takes the form of the following two additional relations:
γ′ = 0 , τ ′ = 0 . (14)
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p q b p q b
oA 1 0 12 ι
A −1 0 − 12
κ 3 1 2 κ′ −3 −1 −2
σ 3 −1 1 σ′ −3 1 −1
ρ 1 1 1 ρ′ −1 −1 −1
τ 1 −1 0 τ ′ −1 1 0
þ 1 1 1 þ′ −1 −1 −1
ð 1 −1 0 ð′ −1 1 0
Ψr 4− 2r 0 2− r Φrt 2− 2r 2− 2t 2− r − t
Λ 0 0 0
Table 1. Boost weights of weighted quantities
Assumptions (A), (B) and onditions (14) greatly simplify the form of the spin-
oeient equations, the Bianhi and the ommutators identities [10℄. Most of these
relations assume the form 0 = 0. Some of the non-trivial relations are as follows:
þ τ = 0 , (15)
þσ′ = 0 , (16)
þ ρ′ = 0 , (17)
þκ′ = τ¯ ρ′ + τσ′ −Ψ3 − Φ21 , (18)
þΦ21 = 0 , (19)
þΨ3 = 0 , (20)
þΦ22 = ðΦ21 + (ð−2τ)Ψ3 , (21)
þΨ4 = ð
′Ψ3 + (ð
′−2τ¯)Φ21 , (22)
þ þ
′− þ′ þ = τ¯ ð+τ ð′ , (23)
þ ð− ðþ = 0 . (24)
Extending an idea introdued in [6℄, we make the following key denition.
Denition 2 We shall say that a weighted salar η with the boost-weight b is balaned
if
þ
−b η = 0 for b < 0
and η = 0 for b ≥ 0 .
We an now prove the following.
Lemma 3 If η is a balaned salar then η¯ is also balaned.
Proof. By denition, a weighted salar η of type {p, q} is hanged by omplex
onjugation to a weighted salar η¯ of type {q, p}. The boost weight, however, remains
unhanged. Let us also reall that
þ¯ = þ
and hene that
þ
−b η¯ = þ−b η = 0 ,
as desired. ✷
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Lemma 4 If η is a balaned salar then
τη, ρ′η, σ′η, κ′η, (25)
þ η, ð η, ð′ η, þ′ η (26)
are all balaned as well.
Proof. Let b be the boost-weight of a balaned salar η. From Table 1 we see that
the salars listed in (25) have boost-weights b, b− 1, b− 1, b− 2, respetively. Hene,
it sues to show that the following quantities are all zero:
þ
−b(τη), þ1−b(ρ′η), þ1−b(σ′η), þ2−b(κ′η).
This follows from the Leibniz rule and from equations (15), (17), (16), (18), (19), and
(20).
Next we show that the salars in (26) are balaned as well. These salars have
boost weights b+1, b, b, b−1, respetively. Hene, it sues to show that the following
salars are all zero:
þ
−1−b(þ η), þ−b(ð η), þ−b(ð′ η), þ1−b(þ′ η).
The vanishing of the rst quantity follows immediately from Denition 2. Using
the ommutator relation (24) we have
þ
−b
ð η = ð þ−b η = 0 , (27)
as desired. Vanishing of the quantity involving ð
′
follows by onsidering the omplex-
onjugate of (27) and using the relation ð¯ = ð′ and Lemma 3.
To show that the quantity involving þ
′
vanishes, we employ (15), (23), and (27)
to obtain
þ
1−b(þ′ η) = þ−b(þ′ þ η) + τ¯(þ−b ð η) + τ(þ−b ð′ η) = þ−b(þ′ þ η) .
We now proeed indutively and onlude that
þ
1−b
þ
′ η = þ′ þ1−b η = 0 .
✷
Lemma 5 If η1, η2 are balaned salars both of type {p, q} then η1 + η2 is a balaned
salar of type {p, q} as well.
Proof. The sum η1 + η2 satises
η1 + η2 7→ λ
pλ¯q(η1 + η2) ,
þ
−b(η1 + η2) = þ
−b η1 + þ
−b η2 = 0
and thus it is a balaned salar of type {p, q}. ✷
Lemma 6 If η1, η2 are balaned salars then η1η2 is also balaned.
Proof. Let b1, b2 be the respetive boost weights. Boost-weights are additive and
hene the boost-weight of the produt is b1 + b2. Setting n = −b1 − b2 and applying
the Leibniz rule gives
þ
n(η1η2) =
n∑
i=0
(n
i
)
þ
i(η1) þ
n−i(η2) .
For −b1 ≤ i ≤ n, the fator þ
i(η1) vanishes. For 0 ≤ i ≤ −1− b1, we have n− i > −b2
and hene the other fator vanishes. Therefore the entire sum vanishes. ✷
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Denition 7 A balaned spinor is a weighted spinor of type {0, 0} whose omponents
are all balaned salars.
Lemma 8 If S1, S2 are balaned spinors then S1S2 is also a balaned spinor.
Proof. The produt S1S2 is a weighted spinor of type {0, 0} and its omponents are
balaned salars thanks to Lemma 6. ✷
Lemma 9 A ovariant derivative of an arbitrary order of a balaned spinor S is again
a balaned spinor.
Proof. Applying the ovariant derivative (11) to a balaned spinor S, we obtain
∇AA˙S = ιA ι¯A˙ þS + oAo¯A˙ þ′ S − ιAo¯A˙ ðS − oA ι¯A˙ ð′ S .
From Table 1, it follows that ∇AA˙S is again a weighted spinor of type {0, 0} and its
omponents are balaned salars due to (13) and Lemmas 3, 4, and 5. ✷
Lemma 10 A salar onstruted as a ontration of a balaned spinor is equal to
zero.
Proof. A salar onstruted as a ontration of a balaned spinor also has zero boost-
weight, and therefore vanishes by Denition 2.
Let us explain more intuitively how this works. A balaned spinor has the form∑
CiBi where Ci are balaned salars and Bi are the basis spinors (produts of o
A
s,
ιAs, o¯A˙s, and ι¯A˙s). Sine the boost-weight of eah Ci is negative and the boost-weight
of eah CiBi is zero it follows that the boost-weight of eah Bi is positive, i.e. there are
more oAs and o¯A˙s then ιAs and ι¯A˙s in Bi. As a onsequene of (5) a full ontration of
eah Bi vanishes. In a nutshell: all salars onstruted as a ontration of a balaned
spinor vanish beause eah term ontains more o's than ι's.
✷
We are now ready to prove that the onditions (A) and (B) of Theorem 1 are
suient for vanishing of all urvature invariants.
Proof. From Table 1 and Eqs. (19), (20), (21), and (22) it follows that the Weyl
spinor (9) and the Rii spinor (10) and their omplex onjugates (Lemma 3) are
balaned spinors. Their produts and ovariant derivatives of arbitrary orders are
balaned spinors as well (Lemmas 8, 9).
Finally, due to Lemma 10 and Eqs. (6)(8) all urvature invariants onstruted
from the Riemann tensor and its ovariant derivatives of arbitrary order vanish. ✷
3. Neessity of the onditions
In this setion we onsider a spaetime with vanishing urvature invariants and prove
that this spaetime satises the onditions listed in Theorem 1. The Rii salar,
being a urvature invariant, must vanish. To prove the other onditions, we onsider
various zeroth, rst, and seond order invariants formed from the Weyl and the Rii
spinors, as well as the Newmann-Penrose equations and the Bianhi identities.
In the following we will employ these Newmann-Penrose equations
þ ρ− ð′ κ = ρ2 + σσ¯ − κ¯τ − κτ ′ +Φ00 ,
ð ρ− ð′ σ = τ(ρ− ρ¯) + κ(ρ¯′ − ρ′)−Ψ1 +Φ01
(28)
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and the Bianhi identities
þΨ3 − ð
′Ψ2 − þΦ21 + ðΦ20 − 2 ð
′ Λ = 2σ′Ψ1 − 3τ
′Ψ2 + 2ρΨ3 − κΨ4
− 2ρ′Φ10 + 2τ
′Φ11 + τ¯
′Φ20 − 2ρ¯Φ21 + κ¯Φ22 ,
þΨ4 − ð
′Ψ3 + þ
′Φ20 − ð
′Φ21 = 3σ
′Ψ2 − 4τ
′Ψ3 + ρΨ4
− 2κ′Φ10 + 2σ
′Φ11 + ρ¯
′Φ20 − 2τ¯Φ21 + σ¯Φ22 , (29)
þΦ22 + þ
′Φ11 − ðΦ21 − ð
′ Φ12 + 3 þ
′ Λ = (ρ+ ρ¯)Φ22 + 2(ρ
′ + ρ¯′)Φ11
− (τ + 2τ¯ ′)Φ21 − (2τ
′ + τ¯ )Φ12 − κ¯
′Φ10 − κ
′Φ01 + σ
′Φ02 + σ¯
′Φ20 ,
þ
′Ψ2 − ðΨ3 + þΦ22 − ðΦ21 + 2 þ
′ Λ = σΨ4 − 2τΨ3 + 3ρ
′Ψ2 − 2κ
′Ψ1
+ ρ¯Φ22 − 2τ¯
′Φ21 − 2τ
′Φ12 + 2ρ
′Φ11 + σ¯
′Φ20 .
First, we onsider the well-known invariants
I = Ψ CD
AB
Ψ AB
CD
, J = Ψ CD
AB
Ψ EF
CD
Ψ AB
EF
. (30)
It is generally known that these invariants vanish if and only if the Petrov type is III,
N, or 0. In the following we hoose the spinor basis oA and ιA in suh a way that for
the Petrov types III and N, oA is the multiple eigenspinor of the Weyl spinor. Thus
the ondition (2) is satised.
We onsider the three Petrov types ase by ase.
a) Petrov type N:
Ψ0 = Ψ1 = Ψ2 = Ψ3 = 0.
Demanding that the following invariant
I1 = ∇
E˙
D
ΨABCD∇ D˙
C
ΨABKL∇
L
K˙
Ψ¯R˙S˙T˙ K˙ ∇K
T˙
Ψ¯R˙S˙D˙E˙ = (2Ψ4Ψ¯4κκ¯)
2
(31)
vanishes we obtain
κ = 0 . (32)
In further alulations we assume that (32) is valid.
Vanishing of another invariant
I2 = K
FF˙EE˙
MM˙LL˙
K¯MM˙LL˙
F F˙EE˙
= (24Ψ4Ψ¯4)
2(ρρ¯+ σσ¯)4 , (33)
where
KFF˙EE˙
MM˙LL˙
= ∇FF˙∇EE˙ΨABCD∇MM˙∇LL˙ΨABCD , (34)
implies that
σ = ρ = 0 (35)
and therefore the ondition (1), i.e. the ondition (A) of Theorem 1, holds.
Substituting (32) and (35) into Eqs. (28) we get
Φ00 = Φ01 = Φ10 = 0 . (36)
And nally from the vanishing of the invariant
ΦABA˙B˙ ΦABA˙B˙ = 4Φ11
2 + 2Φ02Φ20 + 2Φ00Φ22 − 4Φ10Φ12 − 4Φ01Φ21 (37)
using (36) it follows
Φ11 = Φ02 = Φ20 = 0
and thus the ondition (3), i.e. the ondition (B) of Theorem 1, is also satised.
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b) Petrov type III:
Providing that the Weyl spinor ΨABCD is of Petrov type III, we an onstrut
another spinor Ψ˜ABCD
Ψ˜ABCD = ΨABEF Ψ
EF
CD
= −2Ψ3
2oAoBoCoD (38)
whih is of Petrov type N. Now we an onstrut analogial urvature invariants
from Ψ˜ABCD as we did from ΨABCD for type N and again onlude that κ = σ =
ρ = 0 and Φ00 = Φ01 = Φ02 = Φ11 = 0 for metris with all urvature invariants
vanishing.
) Petrov type 0:
Reall that the totally symmetri Pleba«ski spinor is dened by
χABCD = Φ
C˙D˙
(AB
ΦCD)C˙D˙ . (39)
Its omponents are
χ0 = 2(Φ00Φ02 − Φ01
2) ,
χ1 = Φ00Φ12 +Φ10Φ02 − 2Φ11Φ01 ,
χ2 = 13 (Φ00Φ22 − 4Φ11
2 +Φ02Φ20 + 4Φ10Φ12 − 2Φ01Φ21) ,
χ3 = Φ22Φ10 +Φ12Φ20 − 2Φ11Φ21 ,
χ4 = 2(Φ22Φ20 − Φ21
2) .
(40)
In analogy with the Petrov lassiation of the Weyl tensor, it is possible to dene
the Pleba«ski-Petrov type (PP-type) of the Pleba«ski spinor [20℄. Thus vanishing
of urvature invariants analogous to I and J (30) onstruted from the Pleba«ski
spinor implies that the PP-type is III, N, or O.
For the PP-types III and N we an argue as we did for the ases of the Petrov types
III and N and onlude that κ = σ = ρ = 0 and Φ00 = Φ01 = Φ02 = Φ11 = 0.
Substituting these results into (40) we obtain χ0 = χ1 = χ2 = χ3 = 0 and thus
the PP-type III is exluded.
It remains to onsider the PP-type 0 ase.
Without loss of generality we an hoose a null tetrad so that
Φ00 = 0 .
Then χ0 = 0 in (40) implies
Φ01 = Φ10 = 0 .
Hene, the vanishing of the invariant (37) gives
Φ11 = Φ02 = Φ20 = 0 .
Demanding χ4 = 0 in (40) we get
Φ12 = Φ21 = 0 .
Thus the only non-vanishing omponent of the Rii spinor is Φ22. The Bianhi
identities (29) take the form
κ¯Φ22 = 0 , σ¯Φ22 = 0 , þΦ22 = (ρ+ ρ¯)Φ22 , þΦ22 = ρ¯Φ22 .
whih implies
κ = σ = ρ = 0 .
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Up to now we have proven that spaetimes with vanishing invariants onstruted
from the Weyl and the Rii spinors and their arbitrary derivatives satisfy
the onditions (A) and (B) of Theorem 1. Invariants onstruted from the Riemann
tensor and its derivatives are ombinations of orresponding spinorial invariants. Thus
one ould argue that there might exist a very speial lass of spaetimes for whih
all tensorial invariants vanish even though there exist nonzero spinorial invariants.
To prove that this does not happen we now onstrut several tensorial urvature
invariants. They may also be useful for omputer-aided lassiation of spaetimes.
The urvature invariants shown in (30) an be given as
C γδαβ C
αβ
γδ − iC
∗ γδ
αβ C
αβ
γδ ,
C γδαβ C
εφ
γδ C
αβ
εφ − iC
γδ
αβ C
∗ εφ
γδ C
αβ
εφ ,
where
C∗ γδαβ =
1
2εαβεφC
εφ
γδ
denotes the dual of the Weyl tensor. Their vanishing implies that the Petrov type is
III, N, or O.
a) Petrov type N:
From the vanishing of
I1 = C
αβγδ;εCαβκλ;γC
ρστκ;λCρσδε;τ = 8I1 = 2(4Ψ4Ψ¯4κκ¯)
2
(41)
κ = 0 follows.
To obtain σ = ρ = 0 we have to onstrut the tensorial invariants I2, I3, I4:
I2 = C
αβγδ;εφCαµγν;εφC
λµρν;στCλβρδ;στ = 4I2 + 2I3I¯3 + 4(I4 + I¯4) , (42)
where
I3 = K
FF˙EE˙
F F˙EE˙
= 6(4ρσΨ4)
2 , (43)
I4 = ∇
FF˙∇EE˙ΨABCD∇FF˙∇EE˙ΨACMN ∇
TT˙∇SS˙ΨLMNR∇TT˙∇SS˙ΨBDLR
= 18(4ρσΨ4)
4 , (44)
and thus I2 is equal to
I2 = 2
832
[
(Ψ4Ψ¯4)
2(ρρ¯+ σσ¯)4 + 8(ρρ¯σσ¯Ψ4Ψ¯4)
2 + 8(ρσΨ4)
4 + 8(ρ¯σ¯Ψ¯4)
4
]
.
I3 is dened by
I3 = C
αβγδ;εφCαβγδ;λµC
ρστν;λµCρστν;εφ = 16(2I2+I5+I¯5) , (45)
where
I5 = K
FF˙EE˙
MM˙LL˙
KMM˙LL˙
F F˙EE˙
= 21032(ρσΨ4)
4 , (46)
and so it takes the form
I3 = 2
1132
[
(Ψ4Ψ¯4)
2(ρρ¯+ σσ¯)4 + 8(ρσΨ4)
4 + 8(ρ¯σ¯Ψ¯4)
4
]
.
The urvature invariant I4 is a linear ombination of I2 and I3
I4 = 8I2 − I3 = 2
1432(ρρ¯σσ¯Ψ4Ψ¯4)
2 .
Demanding I4 = 0 we obtain
ρσ = 0
and then the vanishing of I3 implies
ρ = σ = 0 .
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As in the spinorial ase, the Newmann-Penrose equations (28) imply Φ00 =
Φ01 = 0, and nally the invariant onstruted from the traeless Rii tensor
orresponding to (37)
SαβSαβ = 4Φ
ABA˙B˙ ΦABA˙B˙ = 4(4Φ11
2 + 2Φ02Φ20)
is zero if Φ11 = Φ02 = Φ¯20 = 0. Thus the onditions (A) and (B) of Theorem 1
are satised.
b) Petrov type III:
In analogy to (38), the tensorDαβγδ an be dened in terms of the Petrov type-III
Weyl tensor
Dαβγδ = CαβλµC
γδλµ
whih is traeless, has the same symmetries as the Weyl tensor and is of the Petrov
type N
Dαβγδ ←→ −4Ψ3
2oAoBoCoDεA˙B˙εC˙D˙ − 4Ψ¯23o¯
A˙o¯B˙o¯C˙ o¯D˙εABεCD .
We an onstrut urvature invariants from Dαβγδ similar to those made from
Cαβγδ for type N and again show that their vanishing leads to κ = σ = ρ = 0
and Φ00 = Φ01 = Φ02 = Φ11 = 0.
) Petrov type O:
It is possible to dene the traeless Pleba«ski tensor orresponding to (39) whih
is endowed with the same symmetries as the Weyl tensor in terms of traeless
Rii tensor Sαβ (see [21℄)
Pαβγδ = S
[α
[γS
β]
δ] + δ
[α
[γSδ]λS
β]λ − 16δ
[α
[γδ
β]
δ]SµνS
µν .
With the Pleba«ski tensor we an proeed in the same way as in the spinorial
ase.
3.1. Alternative Proof
Another way to prove neessity of the onditions (1)(4) for the vanishing of all
urvature invariants is to use the result from paper [22℄ that the invariants I6, I7,
and I8 onstruted from the Rii spinor are equal to zero only if all four eigenvalues
of the Rii tensor are equal to zero. Consequently the Segre types of the Rii tensor
are {(31)} (i.e. PP-type N with the only non-vanishing omponents Φ′12 and Φ
′
22 [23℄),
{(211)} (i.e. PP-type O with the only non-vanishing omponent Φ′22), or {(1111)} (i.e.
vauum). In non-vauum ases, the multiple null eigenvetor l′ of the Rii tensor
may in general dier from the repeated null vetor of the Weyl tensor l; however, by
demanding vanishing of the mixed invariants m1, m4, m6 [5℄ onstruted from both
the Weyl and the Rii tensors we arrive at the ondition l′ = l. Then the Bianhi
identities for non-vanishing Ψ3, Ψ4, Φ12, and Φ22 imply κ = 0. And nally the
vanishing of the invariant (33) for P-types III and N results in ρ = σ = 0.
4. Loal desription of the spaetimes with vanishing urvature invariants
Let us desribe the metri, written in an adapted oordinate form, of all of
the spaetimes with vanishing urvature invariants (i.e. those satisfying Theorem 1).
We reall that spaetimes with vanishing urvature invariants satisfy (1) (i.e., belong
to the Kundt lass [8, 9, 24℄), are of the Petrov type III, N, or O (i.e., the Weyl
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spinor ΨABCD is of the form (9)), and the Rii spinor ΦABC˙D˙ has the form (10) that
orresponds to the Rii tensor
Rαβ = −2Φ22lαlβ + 4Φ21l(αmβ) + 4Φ12l(αm¯β) . (47)
Consequently, the Pleba«ski spinor (39) has the form
χABCD = −2Φ21
2oAoBoCoD (48)
and the Pleba«ski-Petrov type (PP-type) is N for Φ12 6= 0 or O for Φ12 = 0. We note
that for PP-type N, using a null rotation about lα we an transform away the Rii
omponent Φ22 and using further a boost in the l
α − nα plane and a spatial rotation
in the mα − m¯α plane set Φ12 = Φ21 = 1. For PP-type O it is possible to set Φ22 = 1
by performing a boost in the lα − nα plane.
The Rii tensor (47) has all four eigenvalues equal to zero and its Segre type
is {(31)} (Φ12 6= 0), {(211)} (Φ12 = 0 and Φ22 6= 0), or {(1111)} (for vauum
Φ12 = Φ22 = 0). The most physially interesting non-vauum ase {(211)} orresponds
to a pure null radiation eld [8℄. It an be shown that an eletromagneti eld
ompatible with (47) has to be null. Other energy-momentum tensors, inluding a uid
with anisotropi pressure and heat ux, an orrespond to a Rii tensor of PP-type
O. Indeed, it is known that no energy-momentum tensor for a spaetime orresponding
to a Rii tensor of Segre type {31} (or its degeneraies) an satisfy the weak energy
onditions (see [8℄, p 72), and hene spaetimes of PP-type N are not regarded as
physial in lassial general relativity and hene usually attention is restrited to PP-
type O models. However, for mathematial ompleteness we will disuss all of the
models here. In addition, in view of possible appliations in high energy physis
in whih the energy onditions are not neessarily satised, these models may have
physial appliations.
The most general form of the Kundt metri in adapted oordinates u, v, ζ, ζ¯ [8℄ is
ds2 = 2du[Hdu+ dv +Wdζ + W¯dζ¯]− 2P−2dζdζ¯ , (49)
where the metri funtions
H = H(u, v, ζ, ζ¯), W =W (u, v, ζ, ζ¯), P = P (u, ζ, ζ¯)
satisfy the Einstein equations (see [8℄ and Appendix A). For the spaetimes onsidered
here, we may, without loss of generality, put P = 1. The following Tables summarize
the Kundt metris for dierent subases in the studied lass.
It is of interest to nd the onditions for whih the repeated null eigenvetor lα
of the Weyl tensor is reurrent for the Kundt lass. The vetor lα satises
lαlα = 0, l
α
;βl
β = 0, lα;α = 0, l(α;β)l
α;β = 0, l[α;β]l
α;β = 0
and its ovariant derivative has in general the form
lα;β = (γ + γ¯)lαlβ + (β
′ − β¯)lαmβ + (β¯
′ − β)lαm¯β − τ¯mαlβ − τm¯αlβ.
Performing a boost in the lα − nα plane
l˜α = Alα , m˜α = mα , n˜α = A
−1nα
with A satisfying
A,α= A(β¯ − β
′ + τ¯)mα +A(β − β¯
′ + τ)m¯α ,
i.e. putting β˜′ −
¯˜
β = β′ − β¯ − δ′A/A = τ¯ , τ˜ = τ (see e.g. [25℄ for transformation
properties of NP quantities) we obtain
l˜α;β = (γ˜ + ¯˜γ)l˜α l˜β + τ¯(l˜αmβ − l˜βmα) + τ(l˜αm¯β − l˜βm¯α) (50)
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τ P-type metri funtions
= 0 III W =W0(u, ζ, ζ¯)
H = vh1(u, ζ, ζ¯) + h0(u, ζ, ζ¯)
Eqs. (A.16), (A.17)
N Ψ3 = 0 (A.18)
Eqs. (A.16), (A.17)
O Ψ3 = Ψ4 = 0 (A.18), (A.19)
Eqs. (A.16), (A.17)
6= 0 III W = −2v
ζ+ζ¯
+W0(u, ζ, ζ¯)
H = −v
2
(ζ+ζ¯)2
+ vh1(u, ζ, ζ¯) + h0(u, ζ, ζ¯)
Eqs. (A.16), (A.17)
N Ψ3 = 0 (A.18)
Eqs. (A.16), (A.17)
O Ψ3 = Ψ4 = 0 (A.18), (A.19)
Eqs. (A.16), (A.17)
Table 2. All spaetimes with vanishing invariants with Φ12 6= 0 and Φ22 6= 0,
i.e. PP-N, are displayed. For details and referenes see Appendix A.
τ P-type metri funtions
= 0 III W =W0(u, ζ¯)
H = 12v(W0,ζ¯ +W¯0,ζ ) + h0(u, ζ, ζ¯)
Φ22 = h0,ζζ¯ −ℜ(W0W0,ζ¯ζ¯ +W0,uζ¯ +W0,ζ¯
2)
N W = 0
H = h0(u, ζ, ζ¯)
Φ22 = h0,ζζ¯
O W = 0
H = h02(u)ζζ¯ + h01(u)ζ + h¯01(u)ζ¯ + h00(u)
Φ22 = h02(u)
6= 0 III W = −2v
ζ+ζ¯
+W0(u, ζ)
H = −v
2
(ζ+ζ¯)2
+ vW0+W¯0
ζ+ζ¯
+ h0(u, ζ, ζ¯)
Φ22 = (ζ + ζ¯)
(
h0+W0W¯0
ζ+ζ¯
)
,ζζ¯ −W0,ζ W¯0,ζ¯
N W = −2v
ζ+ζ¯
H = −v
2
(ζ+ζ¯)2
+ h0(u, ζ, ζ¯)
Φ22 = (ζ + ζ¯)
(
h0
ζ+ζ¯
)
,ζζ¯
O W = −2v
ζ+ζ¯
H = −v
2
(ζ+ζ¯)2
+ h00(u)[1 + h01(u)ζ + h¯01(u)ζ¯ + h02(u)ζζ¯](ζ + ζ¯)
Φ22 = h00(u)h02(u)(ζ + ζ¯)
Table 3. All spaetimes with vanishing invariants with Φ12 = 0 and Φ22 6= 0,
i.e. PP-O, null radiation, are displayed. For details and referenes see Appendix
A.
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τ P-type metri funtions
= 0 III W =W0(u, ζ¯)
H = 12v(W0,ζ¯ +W¯0,ζ ) + h0(u, ζ, ζ¯)
h0,ζζ¯ = ℜ(W0W0,ζ¯ζ¯ +W0,uζ¯ +W0,ζ¯
2)
N W = 0
pp-waves H = h00(u, ζ) + h¯00(u, ζ¯)
6= 0 III W = −2v
ζ+ζ¯
+W0(u, ζ)
H = −v
2
(ζ+ζ¯)2
+ vW0+W¯0
ζ+ζ¯
+ h0(u, ζ, ζ¯)
(ζ + ζ¯)
(
h0+W0W¯0
ζ+ζ¯
)
,ζζ¯ =W0,ζ W¯0,ζ¯
N W = −2v
ζ+ζ¯
H = −v
2
(ζ+ζ¯)2
+ [h00(u, ζ) + h¯00(u, ζ¯)](ζ + ζ¯)
Table 4. All spaetimes with vanishing invariants with Φ12 = Φ22 = 0, i.e.
PP-O, vauum, are displayed. For details and referenes see Appendix A.
with l˜α satisfying
£l˜gαβ = l˜α;β + l˜β;α = 2(γ˜ +
¯˜γ)l˜α l˜β . (51)
This normalization is alled an almost Killing normalization in [26℄. As τ annot be
transformed away by any transformation of the tetrad preserving the l-diretion and
one an even show that τ τ¯ is invariant with respet to all tetrad transformations
preserving the l-diretion, the repeated null eigenvetor lα of the Weyl tensor is
proportional to a reurrent vetor l˜α if and only if τ = 0. To summarize: all Kundt
spaetimes with τ = 0 admit a reurrent null vetor.
Finally, let us present the relation between quantities L and L′ given in [26℄ and
NP-quantities when lα satises (51)
L = γ + γ¯ , L′ = DL = −2τ τ¯ .
5. Disussion
The pp-wave spaetimes have a number of important physial appliations, many
of whih also apply to the other spaetimes obtained in this paper. As mentioned
earlier, pp-wave spaetimes are exat vauum solutions to string theory to all order
in α′, the sale set by the string tension [17℄. Horowitz and Steif [18℄ generalized
this result to inlude the dilaton eld and antisymmetri tensor elds whih are also
massless elds of string theory using a more geometrial approah. They showed that
pp-wave metris satisfy all other eld equations that are symmetri rank two tensors
ovariantly onstruted from urvature invariants and polynomials in the urvature
and their ovariant derivatives, and sine the urvature is null all higher order
orretions to Einstein's equation onstruted from higher powers of the Riemann
tensor automatially vanish. Therefore, all higher-order terms in the string equations
of motion are automatially zero. Many of the spaetimes obtained here will have
similar properties.
In addition, solutions of lassial eld equations for whih the ounter terms
required to regularize quantum utuations vanish are of partiular importane
beause they oer insights into the behaviour of the full quantum theory.
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The oeients of quantum orretions to Rii at solutions of Einstein's theory of
gravity in four dimensions have been alulated up to two loops. In partiular, a lass
of Rii at (vauum) Lorentzian 4-metris, whih inludes the pp-wave spaetimes
and some speial Petrov type III or N spaetimes, have vanishing ounter terms up to
and inluding two loops. Thus these Lorentzian metris suer no quantum orretions
to all loop orders [19℄. In view of the vanishing of all quantum orretions it is possible
that all of the metris summarized in Tables 2  4 are of physial import and merit
further investigation.
String theory in pp-wave bakgrounds has been studied by many authors
[17, 27℄, partly in a searh for a onnetion between quantum gravity and gauge
theory dynamis. Suh string bakgrounds are tehnially tratable and have diret
appliations to the four dimensional onformal theories from the point of view of a
duality between string and gauge theories. Indeed, pp-waves provide exat solutions
of string theory [18, 17℄ and type-IIB superstrings in this bakground were shown to
be exatly solvable even in of the presene of the RR ve-form eld strength [28℄. As a
result the spetrum of the theory an be expliitly obtained. This model is expeted to
provide some hints for the study of superstrings on more general bakgrounds. There is
also an interesting onnetion between pp-wave bakgrounds and gauge eld theories.
It is known that any solution of Einstein gravity admits plane-wave bakgrounds in
the Penrose limit [29℄. This was extended to solutions of supergravities in [30℄. It was
shown that the super-pp-wave bakground an be derived by the Penrose limit from
the AdSp×S
q
bakgrounds in [31℄. The Penrose limit was reognized to be important
in an exploration of the AdS/CFT orrespondene beyond massless string modes in
[32, 33℄. Maximally supersymmetri pp-wave bakgrounds of supergravity theories in
eleven- and ten-dimensions have attrated great interests [34℄.
Reently the idea that our universe is embedded in a higher dimensional world
has reeived a great deal of renewed attention [35℄. Due to the importane of branes in
understanding the non-perturbative dynamis of string theories, a number of lassial
solutions of branes in the bakground of a pp-wave have been studied; in partiular
a new brane-world model has been introdued in whih the bulk solution onsists of
outgoing plane waves (only), whih avoids the problem that the evolution requires
initial data speied in the bulk [36℄.
Finally, in [12℄ an example of non-isometri spaetimes with non-vanishing
urvature salars whih annot be distinguished by urvature invariants was presented.
This example represents a solution of Einstein's equation with a negative osmologial
term and a minimally oupled massless salar eld. In this paper we have noted
the existene of a lass of spaetimes in whih all of the urvature invariants are
onstants (depending on the osmologial onstant). These results and their extensions
to higher dimensions are onsequently also of physial interest.
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Appendix A. The Kundt metris with all urvature invariants vanishing
Let us present here more details on the spaetimes with all urvature invariants
vanishing, whih were briey summarized in Setion 4. Appendix A.1, Appendix
A.2, and Appendix A.3 orrespond to Tables 2, 3, and 4, respetively.
Sine all of the spaetimes satisfying ondition (A) of Theorem 1 (i.e., that satisfy
(1)), belong to the Kundt lass we start with the metri given by (49) in oordinates
u, v, ζ, ζ¯ [8℄, where the null tetrad is given by
l = ∂v , n = ∂u − (H + P
2WW¯ )∂v + P
2(W¯∂ζ +W∂ζ¯) , m = P∂ζ . (A.1)
Only ertain oordinate transformations and tetrad rotations an be performed whih
preserve the form of the metri (49) and the null tetrad (A.1) (see [8℄)
(I) ζ′ = f(ζ, u) , (A.2)
P ′2 = P 2f,ζ f¯ ,ζ¯ , W
′ =
W
f,ζ
−
f¯ ,u
P 2f,ζ f¯ ,ζ¯
,
H ′ = H −
1
f,ζ f¯ ,ζ¯
(f,u f¯ ,u
P 2
+Wf,u f¯ ,ζ¯ +Wf¯,u f,ζ
)
;
(II) v′ = v + g(ζ, ζ¯, u) , (A.3)
P ′ = P , W ′ =W − g,ζ , H
′ = H − g,u ;
(III) u′ = h(u) , v′ = v/h,u , (A.4)
P ′ = P , W ′ =
W
h,u
, H ′ =
1
h,u
2
(
H + v
h,uu
h,u
)
.
In partiular, in these oordinates it is not possible, in general, to simultaneously
simplify the forms of the Rii spinor omponents in (47) in PP-types N and O by
boosts and null and spatial rotations.
In most ases it is possible to speialize the solution form by an appropriate hoie
of oordinates, thereby narrowing the range of allowed oordinate transformations.
The remaining oordinate freedom will be desribed below on a ase by ase basis.
Appendix A.1. Pleba«ski-Petrov type N, i.e. Φ12 6= 0 and Φ22 6= 0
• Petrov type III
The funtions H , W , and P have to satisfy equations whih follow from the fat
that we assume the Petrov types III, N, or O (Ψ0 = Ψ1 = Ψ2 = 0) and have
the Rii tensor of the form (47).
For the Kundt lass, Ψ0 vanishes identially and
Ψ1 = 12PRvζ = −
1
4PW,vv = 0
and thus
W,vv = 0 . (A.5)
Then Ψ2 = 0 = Ψ¯2 and R = 0 redue to
Ψ2 = − 16 [H,vv +2(P,ζ P,ζ¯ −PP,ζζ¯ ) + P
2(2W,vζ¯ −W¯ ,vζ )] = 0 , (A.6)
W,vζ¯ = W¯ ,vζ , (A.7)
2W,vζ¯ =W,v W¯ ,v (A.8)
All spaetimes with vanishing urvature invariants 17
and
Rζζ¯ = −2(lnP ),ζζ¯ = 0 . (A.9)
The Gaussian urvature, K = 2P 2(lnP ),ζζ¯ = △(lnP ), of wave surfaes
determined uniquely by the spaetime geometry is a spaetime invariant and
sine it vanishes for the studied lass of spaetimes they are haraterized by
plane wave surfaes [8℄.
From (A.9), using a type I oordinate transformation (A.2) we an put
P = 1 . (A.10)
This restrits the type I transformations to
ζ′ = eiθ(u)ζ + f(u) . (A.11)
Then, equations (A.5), (A.7), and (A.8), together with
Rζζ = −W,vζ + 12W,v
2 = 0 , (A.12)
after another type I oordinate transformation (A.11), give without loss of
generality [8℄
W (u, v, ζ, ζ¯) =
−2v
ζ + ζ¯
n+W0(u, ζ, ζ¯) (A.13)
with n = 0 or 1. If n = 1, the wave surfaes are polarized, and onsequently type
I transformations are further restrited to
ζ′ = ζ + f(u) , f¯ + f = 0 .
Finally, Eqs. (A.6) and
Ruv = −H,vv − 12W,v W¯ ,v = 0 (A.14)
are idential and have the solution [8℄
H(u, v, ζ, ζ¯) =
−v2
(ζ + ζ¯)2
n+ vh1(u, ζ, ζ¯) + h0(u, ζ, ζ¯) . (A.15)
Employing (A.5)(A.8), (A.10), (A.12), and (A.14), the remaining Einstein
equations are
Ruu = 2(W¯H,vζ +WH,vζ¯ )− 2H,ζζ¯ +H,v (W,ζ¯ +W¯ ,ζ )− (H,ζ W¯ ,v +H,ζ¯W,v )
−HW,v W¯ ,v −(WW¯,uv +W¯W,uv ) +W,uζ¯ +W¯ ,uζ −W,ζ¯ W¯ ,ζ
+(WW¯,v −W¯W,v )(−W¯ ,ζ +W,ζ¯ ) +
1
2 (W,ζ¯
2 + W¯ ,ζ
2
+W 2W¯ ,v
2
+ W¯ 2W,v
2)
= −2[Φ22 − 2(WΦ21 + W¯Φ12)] (A.16)
Ruζ = −H,vζ + 12 (W,uv −W,ζζ¯ +W¯ ,ζζ +W,vW,ζ¯ −W¯ ,vW,ζ )−
1
4W,v (WW¯,v +W¯W,v)
= −2Φ12 . (A.17)
The NP quantities read
ρ = σ = κ = ε = 0 ,
τ = −τ ′ = 2β = −2β′ = −
1
ζ + ζ¯
n ,
σ′ = −
2v
(ζ + ζ¯)2
n− W¯0,ζ¯ ,
ρ′ = −
2v
(ζ + ζ¯)2
n− 12 (W0,ζ¯ +W¯0,ζ ) ,
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κ′ =
6v2
(ζ + ζ¯)3
n− v
[
h1,ζ¯ +2
W0 + W¯0
(ζ + ζ¯)2
n− 2
W0,ζ¯ +W¯0,ζ¯
ζ + ζ¯
n
]
− h0,ζ¯ −(W0W¯0),ζ¯ ,
γ =
3v
(ζ + ζ¯)2
n+ 12h1 −
W0 + W¯0
ζ + ζ¯
n+ 14 (W0,ζ¯ −W¯0,ζ ) ,
Ψ3 = −2h1,ζ¯ +W¯0,ζζ¯ −W0,ζ¯ ζ¯ +2
W0,ζ¯ −W¯0,ζ¯
ζ + ζ¯
n− 2
W0 + W¯0
(ζ + ζ¯)2
n , (A.18)
Ψ4 = v
[
−h1,ζ¯ζ¯ +2
h1,ζ¯ −W¯0,ζζ¯ +W0,ζ¯ζ¯
ζ + ζ¯
n+ 2
W¯0,ζ¯ −2W0,ζ¯
(ζ + ζ¯)2
n+ 4
W0 + W¯0
(ζ + ζ¯)3
n
]
+ h1W¯0,ζ¯ −h0,ζ¯ζ¯ +W¯0,uζ¯ +W¯0(W¯0,ζζ¯ −W0,ζ¯ζ¯ )
+ 2
h0,ζ¯ +W¯0(W0,ζ¯ −W¯0,ζ¯ )
ζ + ζ¯
n− 2
h0 +W0W¯0
(ζ + ζ¯)2
n . (A.19)
The remaining oordinate freedom for the ase n = 1 is
(I) ζ′ = ζ + f(u) , f¯ + f = 0 , W0
′ =W0 − f,u , (A.20)
h0
′ = h0 − f,u f¯ ,u+(W0 −W 0)f,u , h1
′ = h1 ;
(II) v′ = v + g , W0
′ =W0 − g,ζ +2g/(ζ + ζ¯) ,
h0
′ = h0 − g,u−gh1 − g
2/(ζ + ζ¯)2 , h1
′ = h1 + 2g/(ζ + ζ¯)
2 ;
(III) u′ = h(u) , v′ = v/h,u ,
W0
′ =W0/h,u , h0
′ = h0/h,u
2 , h1
′ = h1/h,u+h,uu /h,u
2 .
One ould, without loss of generality, take h1 = 0.
The remaining oordinate freedom for the n = 0 ase is
(I) ζ′ = eiθ(u)ζ + f(u) , (A.21)
W0
′ = e−iθW0 + f¯ ,u−ie
−iθθ,u ζ¯ , h1
′ = h1 ,
h0
′ = h0 − f,u f¯ ,u−ie
iθθ,u f¯ ,u ζ + ie
−iθθ,u f,u ζ¯ − θ,u
2ζζ¯
−W0(e
−iθf,u+iθ,u ζ)−W 0(e
iθ f¯ ,u−iθ,u ζ¯) ;
(II) v′ = v + g ,
W0
′ =W0 − g,ζ , h0
′ = h0 − g,u−gh1 , h1
′ = h1 ;
(III) u′ = h(u) , v′ = v/h,u ,
W0
′ =W0/h,u , h0
′ = h0/h,u
2 , h1
′ = h1/h,u+h,uu /h,u
2 .
One ould therefore without loss of generality take h0 = 0.
In general, we annot make any further progress unless we identify a spei
soure, e.g., null radiation or null eletromagneti eld, whih then yields
additional eld equations through Eqs. (A.16) and (A.17) (and, for example,
the Maxwell equations).
• Petrov type N
In this ase Ψ3 = 0 and Eq. (A.18) onstitutes an additional dierential
equation that must be satised. This equation an be integrated to obtain a
more speialized form of the metri.
• Petrov type O
In this ase Ψ3 = Ψ4 = 0, i.e. right hand sides of Eqs. (A.18), (A.19) must
vanish. These equations an be integrated to obtain a fully speied form of the
metri.
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Appendix A.2. Pleba«ski-Petrov type O, Φ12 = 0 and Φ22 6= 0  pure radiation
Conformally Rii-at pure radiation metris, studied in [16℄, all belong to this lass.
In fat, in [16℄ the authors present all pure radiation solutions belonging to Kundt's
lass of Petrov types N and O for τ 6= 0 and of Petrov types III, N, and O for τ = 0.
For pure radiation, one of the remaining Einstein equations simply serve to dene
the radiation energy-density. For spei soures, suh as a null eletromagneti eld,
these equations (e.g., Eqs. (A.16) and (A.17)) lead to additional dierential equations.
In the ase of vauum, all solutions an be expliitly written down (see the next
subsetion).
Appendix A.2.1. n = 0 (τ = 0)
• Petrov type III
For n = 0 the Einstein equation Ruζ = 0 (A.17) beomes
[h1 + 12 (W0,ζ¯ −W¯0,ζ )],ζ = 0 .
Using a type II transformation (A.3), (A.21) (see [8℄ for a disussion) and (A.13),
(A.15), its solution turns out to be
W =W0(u, ζ¯) ,
H = 12v(W0,ζ¯ +W¯0,ζ ) + h0(u, ζ, ζ¯) .
(A.22)
The metri funtions are subjet to the only remaining Einstein equation (A.16)
Φ22 = h0,ζζ¯ −ℜ(W0W0,ζ¯ζ¯ +W0,uζ¯ +W0,ζ¯
2) . (A.23)
The NP quantities take the form
ρ = σ = κ = ε = τ = σ′ = τ ′ = β = β′ = 0 ,
ρ′ = − 12 (W0,ζ¯ +W¯0,ζ ) , κ
′ = − 12vW0,ζ¯ζ¯ −h0,ζ¯ −W¯0W0,ζ¯ , γ =
1
2W0,ζ¯ ,
Ψ3= −2W0,ζ¯ζ¯ , Ψ4 = −
1
2vW0,ζ¯ζ¯ζ¯ −h0,ζ¯ζ¯ −W¯0W0,ζ¯ζ¯ .
(A.24)
This hoie of metri form restrits the type I, II, and III transformations (A.21)
to four following ases
ζ′ = ζ + f(u) ;
v′ = v + g1(u) ζ + g¯1(u)ζ¯ + g0(u) ;
u′ = a1u+ a0 , v
′ = v/a1 ;
u′ = h(u), v′ = v/h,u−(h,uu /h,u
2)ζζ¯ ,
where f , g1, g0, and h are arbitrary funtions of u and a1, a0 are real onstants.
• Petrov type N
For type-N spaetimes (Ψ3 = 0 → W0,ζ¯ζ¯ = 0), W0 an be transformed away
(A.21) [8℄ and thus the metri funtions (A.22) are
W = 0 , H = h0(u, ζ, ζ¯) (A.25)
and the NP quantities (A.24) read
ρ = σ = κ = ε = τ = σ′ = τ ′ = β = β′ = ρ′ = γ = 0 , κ′ = −h0,ζ¯ ,
Ψ3 = 0 , Ψ4 = −h0,ζ¯ζ¯ .
(A.26)
The only remaining Einstein equation (A.23) now beomes
Φ22 = h0,ζζ¯ . (A.27)
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The remaining oordinate freedom omes from a mixed type I and II
transformation:
ζ′ = eiθ(ζ + f(u)) , v′ = v + f¯ ,u ζ + f,u ζ¯ + g(u) , (A.28)
h0
′ = h0 − g,u+f,u f¯ ,u−f¯ ,uu ζ − f,uu ζ¯ ,
where θ is a real onstant, and u is determined up to a ane transformation.
These spaetimes are known as generalized pp-wave solutions. In the ase of a
null eletromagneti eld, energy momentum tensor, Eq. (A.27) and Maxwell's
equations lead to a further dierential equation for h0, whose solution is known
[8℄.
• Petrov type O
All metris belonging to this lass are given in [15℄ (see (12) therein).
The ondition Ψ4 = 0 from (A.26) is h0,ζ¯ζ¯ = 0 with the solution
h0 = h02(u)ζζ¯ (A.29)
after a transformation (A.28). The metri funtions are thus given by (A.25) with
(A.29) and the Einstein equation (A.27) beomes Φ22 = h02.
The oordinates are xed up to an 8-parameter group of transformations:
ζ′ = eiθ(ζ + f(u)) ,
v′ = v/a1 + f¯ ,u ζ + f,u ζ¯ + 12 (f f¯),u+g0 ,
u′ = a1u+ a0 ,
where f(u) is a omplex-valued solution of
f,uu+fh02 = 0,
and θ, a1, a0, g0 are real onstants.
Appendix A.2.2. n = 1, τ 6= 0
• Petrov type III
For n = 1, the Einstein equation Ruζ = 0 (A.17) is[
h1 + 12 (W0,ζ¯ −W 0,ζ )−
W0 + W¯0
ζ + ζ¯
]
,ζ
= −
W0,ζ¯ +W 0,ζ
ζ + ζ¯
.
Again using a type II transformations (A.20) (as in [8℄), we obtain the solution
(A.13), (A.15)
W =
−2v
ζ + ζ¯
+W0(u, ζ) ,
H =
−v2
(ζ + ζ¯)2
+ v
W0 + W¯0
ζ + ζ¯
+ h0(u, ζ, ζ¯) .
(A.30)
The remaining Einstein equation (A.16) then reads
Φ22 = (ζ + ζ¯)
(h0 +W0W¯0
ζ + ζ¯
)
,ζζ¯ −W0,ζ W¯0,ζ¯ . (A.31)
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The NP quantities are as follows
ρ = σ = κ = ε = 0 , τ = −τ ′ = 2β = −2β′ = −
1
ζ + ζ¯
,
σ′ = −
2v
(ζ + ζ¯)2
− W¯0,ζ¯ , ρ
′ = −
2v
(ζ + ζ¯)2
,
κ′ =
6v2
(ζ + ζ¯)3
− v
[W0 + W¯0
(ζ + ζ¯)2
−
W¯0,ζ¯
ζ + ζ¯
]
− h0,ζ¯ −W0W¯0,ζ¯ ,
γ =
3v
(ζ + ζ¯)2
−
1
2
W0 + W¯0
ζ + ζ¯
,
Ψ3 = −
4W¯0,ζ¯
ζ + ζ¯
,
Ψ4 = v
[
−
W¯0,ζ¯ζ¯
ζ + ζ¯
+
6W¯0,ζ¯
(ζ + ζ¯)2
]
+
2h0,ζ¯ +W¯0,ζ¯ (W0 − W¯0)
ζ + ζ¯
− 2
h0 +W0W¯0
(ζ + ζ¯)2
− h0,ζ¯ζ¯ +W¯0,uζ¯ .
(A.32)
The remaining oordinate freedom is
ζ′ = ζ + f(u) , f¯ + f = 0 ;
v′ = v + (ζ + ζ¯)g(u) ;
u′ = a1u+ a0 , v
′ = v/a1 ;
u′ = h(u), v′ =
v
h,u
− (ζ + ζ¯)2
h,uu
2h,u
2 .
(A.33)
• Petrov type N
All type-N pure radiation metris were found in [16℄.
For type-N spaetimes (Ψ3 = 0 → W¯0,ζ¯ = 0), W0 an be transformed away again
using (A.21), (A.33), and the metri funtions (A.30) take the form
W =
−2v
ζ + ζ¯
, H =
−v2
(ζ + ζ¯)2
+ h0(u, ζ, ζ¯) (A.34)
with h0 satisfying (A.31)
Φ22 = (ζ + ζ¯)
( h0
ζ + ζ¯
)
,ζζ¯ . (A.35)
The NP quantities are as follows
ρ = σ = κ = ε = 0 , τ = −τ ′ = 2β = −2β′ = −
1
ζ + ζ¯
,
σ′ = ρ′ = −
2v
(ζ + ζ¯)2
, κ′ =
6v2
(ζ + ζ¯)3
− h0,ζ¯ , γ =
3v
(ζ + ζ¯)2
,
Ψ3 = 0 , Ψ4 = −(ζ + ζ¯)
( h0
ζ + ζ¯
)
,ζ¯ζ¯ .
(A.36)
The remaining oordinate freedom is given by
ζ′ = ζ + if0 , u
′ = h(u), v′ =
v
h,u
− (ζ + ζ¯)2
h,uu
2h,u
2 ,
h0
′ =
h0
h,u
2 +
(ζ + ζ¯)2
4h,u
4 (−3h,uu
2 + 2h,u h,uuu )
(A.37)
where f0 is a real onstant, and h = h(u) is an arbitrary real funtion.
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• Petrov type O
All onformally at pure radiation metris (both with τ = 0 and τ 6= 0),
generalizing the solutions found in [37℄ and [7℄, were given in [15℄. The physial
interpretation of this lass of spaetimes is disussed in [38℄.
The equation Ψ4 = 0 in (A.36) has the solution (see (16) in [15℄)
h0 = h00(u)[1 + h01(u)ζ + h¯01(u)ζ¯ + h02(u)ζζ¯](ζ + ζ¯) (A.38)
whih is to be substituted into the metri funtions (A.34).
The Einstein equation (A.35) turns to be
Φ22 = (ζ + ζ¯)h00(u)h02(u) .
The only oordinate freedom is a translation of ζ by an imaginary onstant and
u is determined up to a ane transformation.
Einstein-Maxwell null elds, massless salar elds and neutrino elds do not exist
for this lass of metris [15℄.
Appendix A.3. The vauum ase, i.e. Φ12 = Φ22 = 0
The vauum Petrov types-III, N, and O Kundt metris are reviewed in [8℄ (Chap.
27.5). The form of the metri, and the remaining oordinate freedom are as in
Appendix A.2, with the vauum ondition imposing an additional onstraint on the
metri parameters.
Appendix A.3.1. n = 0, τ = 0
• Petrov type III
For vauum Petrov type-III spaetimes, the metri and the NP quantities are
given by (A.22) and (A.24), respetively, where h0 satises the Einstein equation
(A.23)
h0,ζζ¯ −ℜ(W0W0,ζ¯ζ¯ +W0,uζ¯ +W0,ζ¯
2) = 0 . (A.39)
Petrov [39℄ found an example belonging to this lass (in dierent oordinates)
ds2 = x(v − ex)du2 − 2dudv + ex(dx2 + e−2udz2) . (A.40)
• Petrov type N  pp waves
The metri funtions (A.25) and the NP quantities (A.26) of vauum Petrov
type-N spaetimes satisfy (A.27)
h0,ζζ¯ = 0 , i.e. h0 = h00(u, ζ) + h¯00(u, ζ¯) . (A.41)
These spaetimes belong to the lass of pp-wave spaetimes (see Chap. 21.5 in
[8℄) whih admit a ovariantly onstant null vetor that is onsequently also a
null Killing vetor.
• Petrov type O  at spaetime
For at spaetime, Eq. (A.41) redues the solution (A.29) to h0 = 0, a at metri.
Appendix A.3.2. n = 1, τ 6= 0
• Petrov type III
For Petrov type-III vauum spaetimes with non-vanishing τ , the remaining
Einstein equation (A.31) turns out to be
(ζ + ζ¯)
(h0 +W0W¯0
ζ + ζ¯
)
,ζζ¯ =W0,ζ W¯0,ζ¯ . (A.42)
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Its solution determines the metri (A.30) and the NP quantities (A.32).
An example from this lass, whih was originally found by Kundt [9℄, with
W0 = W¯0 = ψ/(ζ + ζ¯) satisfying ψ,ζζ¯ = 0, is known (see [8℄).
• Petrov type N
For Petrov type-N vauum spaetimes, the Einstein equation (A.42) simplies to( h0
ζ + ζ¯
)
,ζζ¯ = 0
with the solution
h0 = [h00(u, ζ) + h¯00(u, ζ¯)](ζ + ζ¯) . (A.43)
The metri and NP quantities are then given by (A.34) and (A.36) with (A.43).
• Petrov type O  at spaetime
For the at spaetime the ondition Ψ4 = 0 in (A.36), i.e.( h0
ζ + ζ¯
)
,ζ¯ζ¯ = 0 ,
has the solution
h0 = h00(u)[1 + h01(u)ζ + h¯01(u)ζ¯](ζ + ζ¯) .
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